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ABSTRACT
We discuss the N = 2 super W algebras from the hamiltonian reduction of affine
Lie superalgebras A(n|n− 1)(1) and A(n|n)(1). From the quantum hamiltonian
reduction of A(n|n− 1)(1) we get the free field realization of N = 2 CPn super
coset models. In the case of the affine Lie superalgebras A(n|n)(1), the corre-
sponding conformal field theories do not have N = 2 superconformal symmetry.
However we show that these models are twisted N = 2 CPn models and may be
regarded as topological conformal field theories.
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1. Introduction
The W -algebra symmetry1 in two dimensions plays a fundamental role in various
integrable systems such as generalized KdV hierarchies and Toda field theories. In
conformal field theories the W algebras provide an important class of chiral alge-
bras and have been studied extensively2. A systematic construction of the W -algebra
associated with a simple Lie algebra is given by the hamiltonian reduction of the
affine Lie algebra3,2. One of the recent developments in this direction is that super-
conformal symmetries and their W -extensions are also obtained by considering the
hamiltonian reduction of a certain class of affine Lie superalgebras4. In particular,
the W -extension5−11 of the N = 2 superconformal symmetry is an interesting sub-
ject in view of its relation to topological field theories and the compactifications of
superstrings.
In previous papers5,6, the author has studied the quantum hamiltonian reduction
of the affine Lie superalgebras A(n|n − 1)(1) and the Feigin-Fuchs representations of
the N = 2 super W algebras, which characterize the N = 2 super CPn coset models
constructed by Kazama and Suzuki12 (see also ref. 7). Inami and Kanno9 observed
that the classical N = 2 super W algebra appears also in the N = 2 super KdV
hierarchies associated with the affine Lie superalgebras A(n|n)(1).
The purpose of the present talk is to explain why these different Lie superalgebras
correspond to the same N = 2 super W algebra. We shall discuss the classical and
quantum hamiltonian reduction of the affine Lie superalgebras A(n|n − 1)(1) and
A(n|n)(1). We will show that the conformal field theories associated with the affine
Lie superalgebras A(n|n)(1), are the twisted N = 2 CPn models.
2. Lie superalgebras and their hamiltonian reductions
2.1. Notations
Denote by g a basic classical Lie superalgebra of rank r 13. g = h ⊕ (⊕α∈∆gα)
is a root space decomposition of g. h is the Cartan subalgebra. The root system ∆
of g is ∆0 ∪ ∆1, where ∆0 (∆1) is the set of even (odd) roots. ∆+ = ∆0+ ∪ ∆1+ is
the set of positive roots of g, where ∆0+ (∆
1
+) is the set of even (odd) positive roots.
g0 = h ⊕ (⊕α∈∆0gα) is an even subalgebra of g. g1 = ⊕α∈∆1gα is an odd subspace.
ρ0 (ρ1) is half the sum of positive even (odd) roots and ρ is defined as ρ0 − ρ1. h∨ is
the dual Coxeter number of g. For an affine Lie superalgebra gˆ at level k associated
with g, we define a constant α+ =
√
k + h∨. In the following we shall discuss the Lie
superalgebras A(m|n) (h∨ = m− n) in detail.
2.2. The Lie superalgebras A(m|n)
A Lie superalgebra sl(n + 1|m+ 1) may be represented by matrices
X =
(
A a
b B
)
, (1)
1
satisfying strX = trA− trB = 0, where A and B are (n+1)× (n+1) and (m+1)×
(m+1) matrices with grassmann even elements and a and b are (n+1)× (m+1) and
(m+ 1)× (n+ 1) matrices with grassmann odd elements. The commutation relation
for two elements Xi =
(
Ai ai
bi Bi
)
(i = 1, 2) is given by
[X1, X2] =
(
[A1, A2] + a1b2 − a2b1 a1B2 − a2B1 + A1a2 − A2a1
B1b2 − b1B2 + b1A2 − b2A1 [B1, B2] + b1a2 − b2a1
)
. (2)
In the case of n = m, the identity matrix 12n+2 spans an ideal of sl(n + 1|n + 1)
and the Lie superalgebra A(n|n) is defined as sl(n + 1|n + 1)/ < 12n+2 >. Even
subalgebras of A(n|m) for n 6= m (n = m) are An⊕Am⊕u(1) (An⊕An). For A(n|n)
it is convenient to use a pseudo-representation14. Namely we take a representative
of elements of A(n|n) in (1) such that trA = trB = 0, and modify the commutation
relation like
|[X1, X2]| = [X1, X2]− 1
n+ 1
tr(a1b2 − a2b1)12n+2. (3)
In contrast to the simple Lie algebras, there is a variety of choices of the simple root
system of Lie superalgebras, which correspond to different Dynkin diagrams. In the
case of m = n − 1 and n, we may take the simple roots as purely odd roots. For
A(n|n− 1) they are given by
α2i−1 = ei − δi, α2i = δi − ei+1, i = 1, . . . , n, (4)
where ei (i = 1, 2, . . . , n + 1) and δi (i = 1, . . . , m + 1) are orthonormal bases with
positive and negative metric. Similarly the simple roots of A(n|n) are given by
α1, . . . , α2n, α2n+1 = en+1 − δn+1. The even positive roots of A(n|m) (m = n, n − 1)
are ei − ej (1 ≤ i < j ≤ n + 1) and δi − δj (1 ≤ i < j ≤ m + 1). The odd positive
roots are ei − δj (1 ≤ i ≤ j ≤ m+ 1) and δi − ej (1 ≤ i < j ≤ n + 1). In the matrix
representation of the type (1), we have the fundamental representation of g:
Eei−ej =Ei,j+1, Eδi−δj = En+1+i,n+2+j,
Eei−δj =Ei,n+1+j, Eδi−ej = En+1+i,j , (5)
for positive roots. We define E−α =
tEα for negative roots −α (α ∈ ∆+). The Cartan
elements are defined as α ·H = [Eα, E−α]. Instead of using (5), we can take a different
representation5,6, in which the odd simple root structure is manifest:
Eei−ej = E2i−1,2j−1, Eδi−δj = E2i,2j , Eei−δj = E2i−1,2j , Eδi−ej = E2i,2j−1. (6)
Note that in these expressions, A(n|n − 1) and A(n|n) have a structure similar to
that of the simple Lie algebras A2n+1 and A2n, respectively.
The superalgebra A(n|m) has rank n + m + 1, but the rank of A(n|n) reduces
to 2n due to the existence of the ideal. Moreover the root vectors are not linearly
independent. In fact, from the relation
∑n
i=1 |[Eα2i+1 , E−α2i+1 ]| = 0, we have
α1 + α3 + · · ·+ α2n+1 = 0. (7)
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For both Lie superalgebras A(n|n − 1) and A(n|n) half the sum of positive roots ρ
may be shown to be zero.
2.3. The classical hamiltonian reduction
Let us consider the hamiltonian reduction of the affine Lie superalgebras gˆ =
A(n|n − 1)(1) and A(n|n)(1). On the dual space gˆ∗ of gˆ one may introduce the
hamiltonian structure which is generated by the coadjoint action or the gauge trans-
formation:
δΛJ(z) = [Λ(z), J(z)] + ∂Λ(z). (8)
Let Jα(z) (α ∈ ∆) and H i(z) (i = 1, . . . , r) be the currents in the canonical basis.
We consider the constraint space M in gˆ∗:
Jαi+αi+1(z) = 1, Jαi+···+αj (z) = 0, for |i− j| > 1. (9)
In the present case we treat a dynamical system with second class constraints15 since
the fermionic currents Jαi must satisfy Jαi(z)Jαi+1(w) ∼ 1/(z − w). By introducing
auxiliary fermionic fields one can convert these second class constraints into first class
constraints16. In this extended phase space, one may use the ordinary gauge fixing
procedure. The first class constrains generate the gauge symmetries in the extended
phase space. One finds that these gauge symmetries are generated by the subalgebra
nˆ−, the affine extension of the nilpotent subalgebra n− generated by the negative
roots. The hamiltonian structure on the reduced phase space M/nˆ− is introduced
by projecting the original gauge symmetries onto the reduced phase space17. This
method is also known as Polyakov’s soldering procedure18. One may take the Drinfeld-
Sokolov type gauge for A(n|n− 1)(1):
JDS(z) =
n+1∑
i=1
Un+2−i(z)En+1,i +
n∑
i=1
Vn+1−i(z)E2n+1,n+1+i
+
n∑
i=1
(Gn+1−i(z)En+1,n+1+i + G¯n+1−i(z)E2n+2,i) + Λ
A(n|n−1) (10)
where
ΛA(n|n−1) =
n∑
i=1
Ei,i+1 +
n−1∑
i=1
En+1+i,n+2+i (11)
and V1 = U1. For A(n|n)(1), we can choose a similar type of gauge fixing. It is
obtained simply by replacing ΛA(n|n−1) by
ΛA(n|n) =
n∑
i=1
Ei,i+1 +
n∑
i=1
En+1+i,n+2+i. (12)
3. The classical N = 2 Super W3 Algebra
In this section we shall give a non-trivial example of the N = 2 super W -algebra
from the classical hamiltonian reduction of the affine Lie superalgebra A(2|1)(1). Let
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us take the Drinfeld-Sokolov gauge
JDS(z) =


0 1 0 0 0
0 0 1 0 0
U3(z) U2(z) U1(z) G2(z) G1(z)
0 0 0 0 1
G¯2(z) G¯1(z) 0 V2(z) U1(z)


. (13)
The gauge transformation (8) has the gauge parameter
Λ(z) =


x11(z) x12(z) x13(z) ξ11(z) ξ12(z)
x21(z) x22(z) x23(z) ξ21(z) ξ22(z)
x31(z) x32(z) x33(z) ξ31(z) ξ32(z)
η11(z) η12(z) η13(z) y11(z) y12(z)
η21(z) η22(z) η23(z) y21(z) y22(z)


, (14)
where the diagonal elements are parametrized as x11 = ε1 + 2ε, x22 = ε2 − ε1 + 2ε,
x33 = −ε2+2ε and y11 = ε3+3ε and y22 = −ε3+3ε. By imposing the conditions that
the gauge transformations preserve the Drinfeld-Sokolov gauge (13), one can reduce
the number of independent gauge parameters and find that all gauge parameters are
expressed in terms of x1 ≡ x13, x23, y12, ε, η1 ≡ η13, η2 ≡ η23, ξ1 ≡ ξ12 and ξ2 ≡ ξ22.
Note that we may regard the bosonic part of this system as the coupled one of
gl(3) and gl(2) W algebras which share the same u(1) current U1. But if one requires
the N = 2 superconformal symmetry which is generated by ξ2 and η2, one finds that
the N = 2 supermultiplet of the u(1) current U1 is (U1, G1, G¯1, U2 − V2). Hence
T ≡ U2 − V2 becomes the energy-momentum tensor, and V2 turns out to be a spin
two field. Corresponding to this change of physical variables, we redefine the gauge
parameters as x = x23+y12 and y = y12 instead of x23 and y12. One may add suitable
differential polynomials of fields in order to get well defined primary fields. This can
be done by replacing a gauge parameter ε by
ε+
1
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{U1x+ 3∂x− 3U1y− 3∂y + 2U2x1 − 2∂(U1x1)− 2∂2x1 + 3G1η1− 2G¯1ξ1}. (15)
After this change of variables, one gets the gauge transformations on the reduced
phase space of the form:
δXi = DijYj, (16)
where X =t (U1, T, V2, U3, G1, G2, G¯1, G¯2), Y =
t (ε, x, y, x1, ξ1, ξ2, η1, η2) andD is a 8×
8 matrix valued differential operator which satisfies Dji = D∗ij, where for a differential
operator
∑
i ai(z)∂
i, a formal adjoint ∗ is defined as (∑i ai(z)∂i)∗ = ∑i(−∂)iai(z).
Let us introduce the Poisson bracket structure by expressing δΛ as
δΛ =
∫ dz
2pii
str{


2ε 0 x1 0 ξ1
0 2ε x− y 0 ξ2
0 0 2ε 0 0
0 0 η1 3ε y
0 0 η2 0 3ε




0 0 0 0 0
0 0 0 0 0
U3 T + V2 U1 G2 G1
0 0 0 0 0
G¯2 G¯1 0 V2 U1


}
4
=
∫ dz
2pii
(U3x1 + Tx− yV2 − εU1 + ξ1G¯2 + ξ2G¯1 − η1G2 − η2G1). (17)
From Eqs. (16) and (17), we get the Poisson bracket structure on the reduced phase
space in the form of operator product expansions. First we write down the N = 2
superconformal algebra:
T (z)T (w) ∼ T (z) + T (w)
(z − w)2 , T (z)U1(w) ∼
6
(z − w)3 +
U1(z)
(z − w)2 ,
G¯1(z)T (w) ∼ G¯1(z) + G¯1(w)
(z − w)2 , G1(z)T (w) ∼
G1(w)
(z − w)2 ,
U1(z)U1(w) ∼ −6
(z − w)2 ,
U1(z)G1(w) ∼ G1(w)
(z − w) , U1(z)G¯1(w) ∼
−G¯1(w)
(z − w) ,
G1(z)G¯1(w) ∼ −6
(z − w)3 +
U1(w)
(z − w)2 +
T (w)
(z − w) . (18)
Note that in this expression T (z) is the twisted N = 2 energy-momentum tensor.
Second the N = 2 supermultiplet structures for (V2, G2, G¯2, U3) are given by
T (z)V2(w) ∼ 6
(z − w)4 +
−U1(w)
(z − w)3 +
V2(w) + V2(z)
(z − w)2 ,
T (z)U3(w) ∼ U3(z) + 2U3(w)
(z − w)2 ,
T (z)G¯2(w) ∼ 2G¯2(w) + G¯2(z)
(z − w)2 , T (z)G2(w) ∼
−2G1(w)
(z − w)3 +
G2(w) +G2(z)
(z − w)2 ,
U1(z)V2(w) ∼ −6
(z − w)3 +
3U1(w)
(z − w)2 ,
U1(z)U3(w) ∼ −12
(z − w)4 +
4U1(w)
(z − w)3 +
2(T + V2)(w)
(z − w)2 ,
U1(z)G2(w) ∼ 3G1(w)
(z − w)2 +
G2(w)
(z − w) , U1(z)G¯2(w) ∼
2G¯1(w)
(z − w)2 +
−G¯2(w)
(z − w) ,
G¯1(z)V2(w) ∼ G¯1(w)
(z − w)2 +
G¯2(w)
(z − w) , G1(z)V2(w) ∼
−G2(w)
(z − w) ,
G¯1(z)U3(w) ∼ 2G¯2(w) + G¯2(z)
(z − w)2 , G1(z)U3(w) ∼
4G1(w)
(z − w)3 +
2G2(w)
(z − w)2 ,
G¯2(z)G1(w) ∼ −12
(z − w)4 +
−4U1(z)
(z − w)3 +
2V2(z)
(z − w)2 +
−U3(w)
(z − w) ,
G¯1(z)G2(w) ∼ 6
(z − w)4 +
−2U1(w)
(z − w)3 +
V2(w) + V2(z) + T (w)
(z − w)2 +
−U3(w)
(z − w) . (19)
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Finally the remaining nontrivial operator product expansions take the forms:
V2(z)V2(w)∼ −12
(z − w)4 +
4[U1(w)− U1(z)]
(z − w)3 +
V2(z) + V2(w)
(z − w)2 +
2U1(z)U1(w)
(z − w) ,
U3(z)V2(w)∼ −24
(z − w)5 +
6[U1(w)− U1(z)]
(z − w)4 +
2[U2(z) + U1(z)U1(w)]
(z − w)3
+
−U1(w)U2(z) + G¯1(w)G1(z)
(z − w)2 +
[G¯2G1 − G¯1G2](w)
(z − w) ,
U3(z)U3(w)∼ 2[U3(z)− U3(w)]
(z − w)3
+
−U3(w)U1(z)− U1(w)U3(z) + G¯2(w)G1(z)−G1(w)G¯2(z)
(z − w)2 ,
G¯2(z)V2(w)∼ 2[G¯1(z)− G¯1(w)]
(z − w)3
+
−G¯2(w)− G¯1(w)U1(z)− U1(w)G1(z)
(z − w)2 +
[G¯1V2 − G¯2U1](w)
(z − w) ,
G2(z)V2(w)∼ 4G1(z)
(z − w)3 +
−2U1(w)G1(z)−G2(z)
(z − w)2 +
[U1G2 − V2G1](w)
(z − w) ,
G¯2(z)U3(w)∼ 2[G¯2(z)− G¯2(w)]
(z − w)3 −
U1(w)G¯2(z) + G¯2(w)U1(z)
(z − w)2 +
[U3G¯1 − TG¯2](w)
(z − w) ,
G2(z)U3(w)∼ 6[G1(z)−G1(w)]
(z − w)4 +
−2G2(w)− 2G1(w)U1(z)− 2U1(w)G1(z)
(z − w)3
+
−G2(w)U1(z)−G1(w)T (z)− U2(w)G1(z)
(z − w)2 +
−[G2T +G1U3](w)
(z − w) ,
G¯2(z)G2(w)∼ −24
(z − w)5 +
6[U1(w)− U1(z)]
(z − w)4 +
2[U1(w)U1(z) + V2(z) + T (w)]
(z − w)3
+
U3(w) + T (w)U1(z)− U1(w)V2(z) +G1(w)G¯1(z)
(z − w)2 +
[U3U1 − V2T ](w)
(z − w) ,
G2(z)G2(w)∼ [2G1∂G1 + 2G2G1](w)
(z − w) , G¯2(z)G¯2(w) ∼
2G¯1G¯2(w)
(z − w) . (20)
The present Poisson bracket structure is the same as that obtained from the super
Gel’fand-Dickii algebra9,10 but different from the results in ref. 8 due to the different
choice of the gauges.
4. The quantum hamiltonian reduction and N = 2 CPn coset models
So far we have discussed the classical hamiltonian reduction. In the quantum
case, we use the BRST gauge fixing procedure by introducing ghost systems for the
constraints3,2. In order to impose the constraints at the quantum level, we must
6
improve the energy-momentum tensor TWZNW of the Wess-Zumino-Novikov-Witten
model corresponding to the affine Lie superalgebra gˆ by the Cartan currents H i(z),
Timproved(z) = TWZNW (z) + µ · ∂H(z). (21)
After this improvement, the conformal dimensions of the currents Jα(z) become 1 −
µ · α.
First we discuss the A(n|n− 1)(1) case. The improvement vector µ = µA(n|n−1) is
defined by the conditions:
αi · µA(n|n−1) = 1
2
, i = 1, . . . , 2n. (22)
After this improvement, the conformal dimensions of the currents for the odd simple
roots Jαi(z) becomes
1
2
and zero for the the currents for the simple roots αi +αi+1 of
the even subalgebras. Hence we may introduce the “diagonal” gauge:
Jdiag(z) = ∂ϕ(z) ·H +
n∑
i=1
(α2i−1 · χ(z)Eα2i−1 + α2i · χ(z)Eα2i) + ΛA(n|n−1), (23)
where χi(z) (i = 1, . . . , 2n) are 2n real fermions, satisfying χi(z)χj(w) ∼ δij/(z −w).
The improvement vector µA(n|n−1) is uniquely determined by (22) and is expressed as
µA(n|n−1) =
1
2
n∑
i=1
[(n + 1− i)α2i−1 + iα2i] = 1
2
2n∑
i=1
λi, (24)
where λi are fundamental weights of A(n|n− 1) satisfying λi · αj = δij:
λ2i = α1 + α3 + · · ·+ α2i−1, λ2i−1 = α2i + α2i+2 + · · ·+ α2n, (25)
for i = 1, . . . , n. By using the Wakimoto realization of affine Lie superalgebras,
one finds that the total energy-momentum tensor Ttotal = Timproved + Tghosts + Tχ is
BRST-equivalent to that of the N = 2 CPn coset model
5,7:
Ttotal(z) = TCPn(z) + {QBRST , ∗}, (26)
where Tχ = −12
∑2n
i=1 χ
i∂χi and
TCPn(z) = −
1
2
(∂ϕ)2 − iα+µA(n|n−1) · ∂2ϕ+ Tχ. (27)
The remaining N = 2 generators are expressed as
U1(z) =
n∑
i=1
λ2i · χα2i · χ+ iα+ν · ∂ϕ,
G1(z) =
n∑
j=1
(iα2j · ∂ϕλ2j · χ− α+λ2j · ∂χ),
G¯1(z) =
n∑
j=1
(iα2j−1 · ∂ϕλ2j−1 · χ− α+λ2j−1 · ∂χ), (28)
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where ν =
∑n
i=1(λ2i−λ2i−1). The other W currents can be obtained by the quantum
Miura transformation, which connects the diagonal gauge (23) with the Drinfeld-
Sokolov gauge (10). The free field representation of the N = 2 CPn models has been
studied in ref. 6 in detail.
Now we proceed to the affine Lie superalgebra A(n|n)(1). In this case one cannot
impose the spin 1
2
constraints (22) for the simple roots αi (i = 1, . . . , 2n+ 1) due to
the relation (7). Instead we should require the conditions:
α2i−1 · µ = 0, (i = 1, . . . , n+ 1), α2j · µ = 1, (j = 1, . . . , n), (29)
that are consistent with (7). This means that the conformal weights are 1 for Jα2i−1
but 0 for Jα2i after the improvement. The vector µ is determined uniquely up to∑n+1
i=1 α2i−1(= 0):
µ = µA(n|n) =
n+1∑
i=1
(n+ 1− i)α2i−1. (30)
The diagonal gauge for A(n|n)(1) is
Jdiag(z) = ∂ϕ(z) ·H +
n+1∑
i=1
η2i−1(z)Eα2i−1 +
n∑
i=1
ξ2i(z)Eα2i + Λ
A(n|n), (31)
where η2i−1 = η2i − η2i−2 (η2n+2 = η0 ≡ 0) and (η2i, ξ2i) are fermionic ghosts with
conformal weight (1, 0). The energy-momentum tensor of the reduced theory becomes
T˜CPn(z) = −
1
2
(∂ϕ)2 − iα+µA(n|n) · ∂2ϕ−
n∑
i=1
η2i∂ξ2i, (32)
which is equal to TCPn +
1
2
∂U1. This is nothing but the energy-momentum tensor of
the twisted19 N = 2 CPn model. Hence the conformal field theory corresponding to
the affine Lie superalgebra A(n|n)(1) should be regarded as a topological conformal
field theory rather than an N = 2 superconformal field theory. This implies that the
A(n|n) Toda field theory has the twisted N = 2 superW -algebra symmetry instead of
the N = 2 superconformal symmetry. Recently Evans and Hollowood20 also pointed
out that the A(n|n) Toda field theory does not have N = 2 superconformal symmetry.
In this sense the A(n|n)(1) affine Toda field theory can be also regarded as a
topological field theory rather than an N = 2 theory. It is a quite interesting problem
to study this affine Toda field theory as a topological field theory since this model
gives a different class of topological solvable models which are not classified by the
N = 2 Landau-Ginzburg type models.
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